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Abstract
We argue that the curvature generated by a gravitational field can
be used to calculate the corresponding metric which determines the
trajectories of freely falling test particles. To this end, we present a
method to compute the metric from a given curvature tensor. We use
Petrov’s classification to handle the structure and properties of the
curvature tensor, and Cartan’s structure equations in an orthonormal
tetrad to investigate the differential equations that relate the curvature
with the metric. The second structure equation is integrated to ob-
tain the explicit expression for the connection 1−form from which the
components of the orthonormal tetrad are obtained by using the first
structure equation. This opens the possibility of using the curvature of
astrophysical objects like the Earth to determine the position of freely
falling satellites that are used in modern navigation systems.
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1 Introduction
One of the most important practical applications of general relativity is the
Global Positioning System (GPS), the most advanced navigation system
known today. It consists essentially in a set of artificial satellites freely
falling in the gravitational field of the Earth. To determine the location of
any point on the Earth by using the method of triangulation, it is necessary
to know the exact position of several satellites at a given moment of time.
This means that the path of each satellite must be determined as exact as
possible. In fact, due to the accuracy expected from the GPS, specially for
navigation purposes, it is necessary to take into account relativistic effects
for the determination of the satellites trajectories and the gravitational field
of the Earth. This method is therefore essentially based upon the use of
the geodesic equations of motion for each satellite. Moreover, it is necessary
to consider the fact that according to special and general relativity clocks
inside the satellites run differently than clocks on the Earth surface. Indeed,
it is known that not taking relativistic effects into account would lead to
an error in the determination of the position which could grow up to 10
kilometers per day.
The curvature seems to be an alternative way to determine the position
of any point on the surface of the Earth. Indeed, if we could measure the
curvature of the spacetime around the Earth, and from it the corresponding
metric, one could imagine that the determination of the position of the
satellites could be carried out in a different way. Maybe this method could
be more efficient and more accurate. To this end, it is necessary to measure
the curvature of spacetime. Several devices have been proposed for this
purpose. The five-point curvature detector [1] consists of four mirrors and
a light source. By measuring the distances between all the components of
the detector, it is possible to determine the curvature. Another method
uses a local orthonormal frame which is Fermi-Walker propagated along
a geodesic [2]. A gyroscope is directed along each vector of the frame so
that the relative acceleration will allow the determination of the curvature
components. The gravitational compass [3] is a tetrahedral arrangement
of springs with test particles on each vertex. Using the geodesic deviation
equation, from the strains in the springs it is possible to infer the components
of the curvature. More recently, a generalized geodesic deviation equation
was derived which, when applied to a set of test particles, can be used to
measure the components of the curvature tensor [4].
It seems therefore to be now well established that the curvature can be
measured by using different devices that are within the reach of modern
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technology. The question arises whether it is possible to obtain the metric
from a given curvature tensor. This is the problem we will address in this
work. In Sec. 2, we study a particular matrix representation of the curvature
tensor which allows us to calculate its eigenvalues in a particularly simple
way. Petrov’s classification is used to represent the curvature matrix in terms
of its eigenvalues. In Sec. 3, we use Cartan’s formalism to derive all the
algebraic and differential equations which must be combined and integrated
to determine the components of the metric from the components of the
curvature. As particular examples, we present the Schwarzschild, Taub-
NUT and Kasner metrics with cosmological constant. All the components
of the metric are found explicitly in terms of the components of the curvature
tensor. It turns out that for a given vacuum solution it is possible to find
several generalizations which include the cosmological constant.
2 Matrix representation of the curvature tensor
There are several ways to represent and study the properties of the curvature
tensor. Here, we will use a method which is based upon the formalism of
differential forms and the matrix representation of the curvature tensor. The
reason is simple. Imagine an observer in a gravitational field. Locally, the
observer can introduce a set of four vectors ea to perform measurements and
experiments. Although it is possible to choose the direction of each vector
arbitrarily, the most natural choice would be to construct an orthonormal
system, i.e., ea ⊗ eb = ηab = diag(+1,−1,−1,−1). Of course, the observer
could also choose a local metric which depends on the point. Nevertheless,
the choice of a constant local metric facilitates the process of carrying out
measurements in space and time. This choice is also in the spirit of the
equivalence principle which states that locally it is always possible to intro-
duce a system in which the laws of special relativity are valid. The set of
vectors ea can be used to introduce a local frame ϑ
a by using the orthonor-
mality condition ea⌋ϑb = δba, where ⌋ is the internal product. The set of
1-forms ϑa determines a local orthonormal tetrad that is the starting point
for the construction of the formalism of differential forms which is widely
used in general relativity.
There is an additional advantage in choosing a local orthonormal frame.
General relativity is a theory constructed upon the assumption of diffeomor-
phism invariance, i.e, it is invariant with respect to arbitrary changes of co-
ordinates xµ → xµ′ such that J = det
(
∂xµ
′
∂xµ
)
6= 0. Once a local orthonormal
frame ϑa is chosen, the only freedom which remains is the transformation
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ϑa → ϑa′ = Λa′aϑa, where Λa
′
a is a Lorentz transformation, satisfying the
condition Λa
′
aΛa′ b = ηab. This means that the diffeomorphism invariance
reduces locally to the Lorentz invariance, which is easier to be handled.
In the local orthonormal frame, the line element can be written as
ds2 = gµνdx
µ ⊗ dxν = ηabϑa ⊗ ϑb , (1)
with
ϑa = eaµdx
µ . (2)
The components eaµ are called tetrad vectors, and can be used to relate
tetrad components with coordinate components. For instance, the com-
ponents of the metric are given in terms of the tetrad vectors by gµν =
eaµe
b
νηab. The exterior derivative of the local tetrad is given in terms of the
connection 1−form ωab as [5]
dηab = ωab + ωba . (3)
Since the local metric is constant, the above expression vanishes, indicat-
ing that the connection 1−form is antisymmetric. Furthermore, the first
structure equation
dϑa = −ωab ∧ dϑb , (4)
can be used to calculate all the components of the connection 1−form. Fi-
nally, the curvature 2−form is defined as
Ωab = dω
a
b + ω
a
c ∧ ωcb (5)
in terms of a connection. In this differential form representation, the Ricci
and Bianchi identities can be expressed as
Ωab ∧ ϑb = 0 , dΩab + ωac ∧Ωcb − Ωac ∧ ωcb = 0 , (6)
respectively.
The curvature 2−form can be decomposed in terms of the canonical basis
ϑa ∧ ϑb as
Ωab =
1
2
Rabcdϑ
c ∧ ϑd , (7)
where Rabcd are the components of the Riemann curvature tensor in the
tetrad representation.
It is well known that the curvature tensor can be decomposed in terms
of its irreducible parts which are the Weyl tensor [6]
Wabcd = Rabcd + 2η[a|[cRd]|b] +
1
6
Rηa[dηc]b , (8)
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the trace-free Ricci tensor
Eabcd = 2η[b|[cRd]|a] −
1
2
Rηa[dηc]b , (9)
and the curvature scalar
Sabcd = −1
6
Rηa[dηc]b , (10)
where we use the following convention for the components of the Ricci tensor:
Rab = η
cdRcabd . (11)
Due to the symmetry properties of the components of the curvature
tensor, it is possible to represent it as a (6×6)-matrix by introducing the
bivector indices A,B, ... which encode the information of two different tetrad
indices, i.e., ab→ A. We follow the convention used in [5] which establishes
the following correspondence between tetrad and bivector indices
01→ 1 , 02→ 2 , 03→ 3 , 23→ 4 , 31→ 5 , 12→ 6 . (12)
This correspondence can be applied to all the irreducible components of the
Riemann tensor given in Eqs.(8)–(10). Then, the bivector representation of
the Riemann tensor reads
RAB =WAB + EAB + SAB , (13)
with
WAB =
(
M N
N −M
)
, (14)
EAB =
(
P Q
Q −P
)
, (15)
SAB = − R12
(
I3 0
0 −I3
)
. (16)
Here M , N and P are (3 × 3) real symmetric matrices, whereas Q is
antisymmetric.
We see that the bivector representation of the curvature is in fact given
in terms of the (3×3)-matrices M , N , P , Q and the scalar R, suggesting an
equivalent representation in terms of only (3×3)-matrices. Indeed, since (13)
represents the irreducible pieces of the curvature with respect to the Lorentz
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group SO(3, 1) and, in turn, this group is isomorphic to the group SO(3, C),
it is possible to introduce a local complex basis where the curvature is given
as a (3×3)-matrix. This is the SO(3, C)-representation of the Riemann
tensor [6, 7]:
R =W + E + S , (17)
W =M + iN , (18)
E = P + iQ , (19)
S = 112RI3 . (20)
In this representation, Einstein’s equations can be written as algebraic
equations. Consider, for instance, a vacuum spacetime for which E = 0 and
S = 0. Then, the vanishing of the Ricci tensor in terms of the components
of the Riemann tensor corresponds to the algebraic condition
Tr(W ) = 0 , W T =W . (21)
In general, from Einstein’s equations in the presence of matter
Rab − 1
2
Rηab + Ληab = −κTab , (22)
we find that
R = 4Λ + κT , T = ηabTab , (23)
and the components of the curvature tensor satisfy the relationships
ηcdRcabd = κTab +
(
Λ+
κ
2
T
)
ηab . (24)
It is then easy to see that the following curvature tensor
S =
1
12
(4Λ + κT ) diag(1, 1, 1) , (25)
E =
κ
2

 T11 − T00 +
1
2T T12 − iT03 T13 + iT02
T12 − iT03 T22 − T00 + 12T T23 − iT01
T13 − iT02 T23 + iT01 T33 − T00 + 12T

 , (26)
W arbitrary (3× 3)−matrix with Tr(W ) = 0 , W T =W , (27)
satisfies Einstein’s equations identically. Thus, we see that the matrix W
has only ten independent components, the matrix E is hermitian with nine
independent components and the scalar piece S has only one component.
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The energy-momentum tensor determines completely only the trace-free
Ricci tensor and the scalar curvature. The Weyl tensor contains in general
ten independent components. However, since the local tetrad ϑa is defined
modulo transformations of the Lorentz group SO(3, 1), we can use the six
independent parameters of the Lorentz group to fix six components of the
Weyl tensor. Accordingly, we can use the eigenvalues of the matrix W to
write the four remaining parameters in the form
W
I
=

 a1 + ib1 a2 + ib2
−a1 − a2 − i(b1 + b2)

 . (28)
In fact, this is the most general case of a Weyl tensor, and corresponds to
a type I curvature tensor in Petrov’s classification. If the eigenvalues of the
matrix W are degenerate, then a2 = a1 = a and b2 = b1 = b and therefore
W
D
=

 a+ ib a+ ib
−2a− 2ib

 , (29)
which represents a type D curvature tensor.
In general, all the eigenvalues can depend on the coordinates xµ of the
spacetime. The real part of the eigenvalues a1 and a2 represent the gravito-
electric part of the curvature, whereas the imaginary part b1 and b2 corre-
spond to the gravitomagnetic field, i.e., the gravitational field generated by
the motion of the source.
3 Integration of Cartan’s structure equations
Our aim now is to show that for a given curvature tensor it is possible
to integrate Cartan’s equation in order to compute the components of the
metric. To this end, it is necessary to rewrite Cartan’s equations so that
the dependence on the spacetime coordinates becomes explicit. First, let us
introduce the components of the anholonomic connection Γabc by means of
the relationship
ωab = Γ
a
bcϑ
c , (30)
and the condition Γabc = −Γbac. Then, from the definition of the connection
1−form, we obtain
ea[µ,ν] = Γ
a
bce
b
[ν e
c
µ] , (31)
7
which represents a differential equation for the components of the tetrad
vectors eaµ. Here, the square brackets denote antisymmetrization. On the
other hand, the exterior derivative of the curvature 2−form yields
dΩab =
1
2
(
Rabcd,µe
µ
e + 2R
a
bfdΓ
f
ec
)
ϑe ∧ ϑc ∧ ϑd , (32)
which together with
dΩab =
1
2
(
R
f
bedΓ
a
fc
)
ϑe ∧ ϑc ∧ ϑd , (33)
leads to the following equation
Rab[cd,|µ|e
µ
e = R
a
f [cdΓ
f
|b|e] −Rab[cdΓf|f |e] − 2Rabf [cΓfde] . (34)
This equation represents an algebraic relationship between the components
of the tetrad vectors eaµ and the components of the connection 1−form Γabc.
Finally, the components of the curvature tensor can be expressed in terms
of the anholonomic components of the connection as
1
2
Rabcd = Γ
a
b[d,|µ|e
µ
c + Γ
a
beΓ
e
[cd] + Γ
a
e[cΓ
e
|b|d] , (35)
which can be considered as a system of partial differential equations for the
components of the connection with the components of the curvature and the
tetrad vectors as variable coefficients.
To integrate Cartan’s equations we proceed as follows. First, we consider
the 20 particular independent equations (35) together with the 18 equations
which follow from Eq.(34). The idea is to obtain from here all the 24 an-
holonomic components of the connection Γabc. Then, this result is used as
input to solve the 24 independent equations which follow from Eq.(31). This
procedure leads to a large number of equations which are complicated to be
handled. They have been analyzed with some detail in [7]. Here, we will
limit ourselves to quoting the some of the final results obtained previously.
4 Type D metrics
Consider a type D curvature tensor with eigenvalue a+ ib, and suppose that
a = a(x3) , b = b(x3) , (36)
i.e., we assume that the curvature depends on only one spatial coordinate.
Furthermore, it is well known that type D spacetimes can have a maximum
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of four Killing vector fields. Then, we will consider spacetimes with two
Killing vector fields which can be taken along the coordinates x0 and x1;
consequently,
gµν,0 = gµν,1 = 0 , gµν,0 =
∂gµν
∂x0
. (37)
This means that the only relevant spatial direction should be x3. Therefore,
we can use the diffeomorphism invariance of general relativity in order to
bring four metric components into any desired form. We then assume that
g30 = g31 = g32 = 0 , g33 = g33(x
3) . (38)
In terms of the local tetrad, the above assumption implies that
ϑ3 =
√
g33dx
3 = e3
3˙
dx3 , (39)
where the dot denotes coordinate indices. As a consequence we have that
dϑ3 = 0 , (40)
which implies that six components of the tetrad vectors vanish, namely,
e0
3˙
= e1
3˙
= e2
3˙
= e3
0˙
= e3
1˙
= e3
2˙
. (41)
This means that we now have a system of only ten components of eaµ that
are unknown. On the other hand, the vanishing of the exterior derivative of
ϑ3 implies that
Γ3[ab] = 0 , (42)
which drastically simplifies the set of differential equations for the compo-
nents of the connection. A detailed analysis of the resulting equations shows
that it is convenient to consider particular cases which are obtained for dif-
ferent choices of some components of the connection. In fact, it turns out
that the choices
Γ121 = 0 , Γ
1
23 6= 0 (43)
and
Γ121 6= 0 , Γ123 = 0 (44)
lead to completely different solutions which we will analyze in the following
subsections.
It is then possible to show that with these simplifying assumptions, we
can integrate the set of partial differential equations. Several arbitrary func-
tions arise in the tetrad vectors which can then be absorbed by means of
coordinate transformations.
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4.1 Schwarzschild and Taub-NUT metrics
The particular choice
Γ121 6= 0 , Γ123 = 0 (45)
leads to a compatible set of algebraic and differential equations which allow
us to calculate all the components of the tetrad vectors. We present the final
results without the details of calculations which can be consulted in [7].
Consider, for instance, the following curvature tensor in the SO(3, C)
representation:
R = −M
r3
diag(1, 1,−2) + Λ
3
diag(1, 1, 1) , (46)
where r = x3. Then, the integration of all the differential equations yields
e3
3˙
(
α− 2M
r
− Λ
3
r2
)−1/2
, e2
2˙
= r , e1
2˙
= rF 1
2˙
, (47)
e0m˙ = C
0
m˙
(
α− 2M
r
− Λ
3
r2
)1/2
, e0
2˙
= F 0
2˙
(
α− 2M
r
− Λ
3
r2
)1/2
, (48)
where m = 0, 1, α and C0m˙ are arbitrary real constants and F
0
2˙
and F 1
2˙
are non-zero functions of the coordinate x2. It is then possible to find a
coordinate system in which the above tetrad vector components lead to the
line element
ds2 =
(
α− 2M
r
− Λ
3
r2
)
dt2 − dr
2
α− 2Mr − Λ3 r2
− r2(dθ2 + sin2 θdφ2) , (49)
which represents the Schwarzschild-de-Sitter spacetime.
Consider now a curvature tensor with gravitoelectric and gravitomag-
netic components:
R = − M + iP
(r + iC)3
diag(1, 1,−2) + Λ
3
diag(1, 1, 1) , (50)
where P and C are arbitrary real constants. It is then possible to show that
the result of the integration leads to a line element of the form
ds2 = ∆1(dt+2C cos θdφ)
2− dr
2
∆1
− (r2+C2)
(
∆2 sin
2 θdφ2 +
dθ2
∆2
)
, (51)
with
∆1 = (r
2 + C2)
[
P
C
(r2 − C2)− 2Mr − Λ
3
(r2 +C2)2
]−1
, (52)
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∆2 =
P
C
+
4
3
ΛC2 . (53)
Different choices of the parameters P and C lead to different particular
solutions of Einstein’s equations. For instance, the choice
P = l
(
1− 4
3
Λl2
)
, C = l (54)
corresponds to the Taub-NUT metric with cosmological constant [8], where
l is the NUT parameter. Furthermore, the choice
P = kl
(
1− 4
3
Λl2
)
, C = l , k = −1, 0,+1 (55)
is known as the Cahen-Defrise spacetime [9].
The Taub-NUT metric is obtained for the choice P = l and C = l with
Λ = 0. It is then possible to obtain several different generalizations which
include the cosmological constant. In fact, the simplest choice corresponds
to P = C = l and the cosmological constant entering only the scalar part
of the curvature. Other generalizations are obtained by choosing the free
parameter P as a polynomial in Λ, for instance,
C = l , P = l
(
c1 + c2Λl
2 + c3Λ
2l4 + ...
)
, (56)
where c1, c2, etc. are dimensionless constants. Another example is obtained
for the choice
P = l , C = l
(
c1 + c2Λl
2 + c3Λ
2l4 + ...
)
. (57)
All these examples generalize the Taub-NUT metric to include the cosmo-
logical constant. In principle, all of them should represent different physical
configurations since they all differ in the behavior of the Weyl tensor. This
opens the possibility of analyzing anti-de-Sitter spacetimes which are equiv-
alent from the point of view of the scalar curvature, but different from the
point of view of the Weyl curvature.
We conclude that in the particular case analyzed here the method pre-
sented above can be used to generate new solutions of Einstein’s equations
with cosmological constant.
4.2 Generalized Kasner metrics
Another particular choice of the connection components given by
Γ121 = 0 , Γ
1
23 6= 0 (58)
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leads to a set of algebraic and differential equations which can be integrated
completely for a curvature tensor with only gravitomagnetic components,
i.e.,
R = a(x3) diag(1, 1,−2) + Λ
3
diag(1, 1, 1) . (59)
Indeed, after applying a series of coordinate transformations, the corre-
sponding line element can be expressed as
ds2 = |a0||3a0−Λ2 |2/3
dt2 − (a′0)2
2|a0|(3a0−Λ2 )
2 dr
2
− 1|3a0−Λ2 |2/3
(dX2 + dY 2) , (60)
with
a0 = a+
Λ
2
< 0 , (61)
and the prime represents derivation with respect to r = x3. Here we see that
the metric can be calculated immediately from the gravitoelectric component
of the curvature a(r). Several particular metrics can be written down. We
quote only the metric that follows from the eigenvalue
a = − γ
r2β
− Λ
3
, (62)
where γ and β are real constants. For this case, we obtain
ds2 =
(
γ − Λ6 r2β
)
r−2β/3dt2 − 29β2
(
γ − Λ6 r2β
)−1
r2(β−1)dr2
−r4β/3(dX2 + dY 2) . (63)
In the limiting case Λ = 0, we obtain for each value of β a particular case
of the Kasner metric [10]. In general, the above line element represents a
generalization of the Kasner space which includes the cosmological constant.
We see that in this particular case we have chosen a curvature eigenvalue
which contains the cosmological constant explicitly. This has been done in
order to obtain a simple expression for the Kasner metric with Λ. How-
ever, one can always change in the function a(r) the term containing the
cosmological constant, in order to obtain different solutions. The simplest
spacetime would correspond to the one in which the Weyl tensor does not
depend on the cosmological constant, i.e.,
a = − γ
r2β
, (64)
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for which we obtain the generalized Kasner metric
ds2 =
∣∣− γ
r2β
+Λ
2
∣∣∣∣− 3γ
r2β
+Λ
∣∣2/3 dt2 − 2β2γ2r2(2β+1)∣∣− γ
r2β
+Λ
2
∣∣(− 3γ
r2β
+Λ
)2 dr2
− 1∣∣− 3γ
r2β
+Λ
∣∣2/3 (dX2 + dY 2) . (65)
This particular choice seems to be more complicated than the solution (63);
however, from a physical point of view it corresponds to the simplest choice
in which the Weyl tensor is not affected by the presence of the cosmological
constant.
We see that it is possible to obtain several generalizations of the Kasner
metric with cosmological constant and, in principle, each of them should
correspond to a different physical configuration.
5 Conclusions
In this work, we presented a method to calculate the components of the
metric tensor from the components of the Riemann curvature tensor. We
use the formalism of differential forms and Cartan’s structure equations in
order to calculate explicitly the algebraic and differential equations that
relate the components of the local tetrad vectors with the components of
the connection 1−form and the curvature 2−form.
We integrate the differential equations for the case of a type D curvature
tensor in Petrov’s classification which is characterized by only one complex
eigenvalue. We found that for a given curvature eigenvalue, it is possible
to obtain different metrics, depending on some assumptions made for the
components of the connection 1−form. For the computation of explicit ex-
amples, we assume that the curvature eigenvalue depends on only one spatial
coordinate. This simplifies the set of differential equations and allows us to
carry out the integration completely. We obtain as concrete examples two
classes of spacetimes. The first class contains the Schwarzschild metric,
the Taub-NUT metric and several generalizations which include the cosmo-
logical constant. The second class contains a family of particular Kasner
spacetimes with cosmological constant.
The main result of the present work is that is possible to obtain the met-
ric from the curvature. Furthermore, we found that for any given vacuum
spacetime, we can apply the procedure presented in this work to obtain dif-
ferent generalizations which include the cosmological constant. This means
that solutions of Einstein’s equations with cosmological constant are not
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unique. The main physical difference between different spacetimes with cos-
mological constant is reflected in the Weyl tensor which behaves differently
for each metric.
The concrete examples of curvature analyzed in this work involve terms
with gravitoelectric monopole (mass parameter) and gravitomagnetic mono-
pole (NUT parameter) only. In the case of an astrophysical gravitational
source, a more realistic situation involves higher mass and angular momen-
tum multipole moments. It is then easy to see that if we consider the Weyl
tensor in the form
W = −
∞∑
n=1
mn
r2n+1
diag(1, 1,−2) , (66)
the integration of the structure equations can be performed in a way similar
to the one used to obtain the Schwarzschild and the Taub-NUT metrics. The
explicit metric components can be computed by using the general formula
presented here and in [7]. The resulting metric will contain the parameters
mn which correspond to higher mass multipole moments. In this way, one
could generate exact solutions with a prescribed set of multipoles. In a
realistic situation, for instance in the case of the Earth, one would need only a
limited number of moments mn, whose values can be from the measurement
of the curvature components.
To take into account higher gravitomagnetic moments, it will be probably
necessary to generalize the method presented here. Indeed, the presence of
rotational moments implies that the curvature must depend on at least two
spatial coordinates (a radial and an angular coordinate). In addition, it
will probably necessary to consider not only type D, but also type I Weyl
tensors. In this case, we need to construct a more general method than the
one presented here. However, if we fix the angular coordinate and consider,
for instance, the equatorial plane of the gravitational source, the curvature
will depend only on the radial distance and it will be possible to consider a
Weyl tensor of the form
W = −
∞∑
n=1
mn + ijn
r2n+1
diag(1, 1,−2) , (67)
where the parameters jn represent the multipoles of the curvature generated
by the rotation of the source. Of course, this would be only an approximation
of a realistic compact object since the dependence on the angular coordinate
is completely neglected. However, since in the case of an object like the
Earth, the deviations from spherical symmetry due to rotation are very
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small, one could expect that this equatorial plane approximation would lead
results with a good degree of accuracy.
We conclude that the method presented in this work can be used, in
principle, to generate particular metrics, describing the gravitational field of
realistic compact objects. It would be interesting to investigate this problem
in detail in the case of the Earth, to study the possibility of developing new
navigation systems by using as input the curvature of the spacetime around
our planet.
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